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Chapter 1

Intfroduction

Mathematical Optimization (formally math programming)
Find a best soln to the model of a problem
Application :
e Operation Research
1) Scheduling and Planning
2) Supply Chain Management
3) Vehicle Routing
4) Power Grid Optimization
e Statistics and Machine Learning
1) Curve Fitting
2) Classification, Clustering, SVM ...
3) Deep Learning
e Finance
e Optimal Control
e Biology — Protein Folding



1.3 Classification of Problems — Types of functions involved Scribe : Saiyue Lyu

Optimization
(OPT)mingnize f(z) objective function
subject to g;(x) <0, Vi=1,--- ,m constraints
x € R™
Remark

1) max f(z) = —min — f(z)
2) {x € R", g(z) > 0} = {z € R", —g(x) < 0}
3) {zx e R" g(z) <b} ={z e R", g(z) - b <0}

1.1 Classification of Solns

Definition 1.1.1 (Open ball & Closure)
The open ball of radius § around Z is Bs(Z) = {z € R", ||l — Z|| < 0}

The closure of Bs(7) is Bs(Z) = {z € R", ||z — z|| < 6}

Definition 1.1.2 (Global & Local Minimizer)
Consider f: D — R. the point z* € D is

e a global minimizer for f on D if f(z*) < f(x),Yx € D

e a strict global minimizer for f on D if f(z*) < f(x),Vx € D,z # z*

e a local minimizer for f on D if 36 > 0, f(z*) < f(x),Vz € Bs(z*) N D

e a strict local minimizer for f on D if 30 > 0, f(z*) < f(x),Vx € Bs(z*) N D,z # z*

1.2 Classification of Problems

1. If f(z) =0,Vx € R", then (OPT) is a feasible problem

2. If we have m = 0 constraints, then (OPT) is an unconstrained optimization problem.

1.3 Classification of Problems — Types of functions involved

Why do we care?
In the absence of hypothesis on f and g, (OPT) is unsovlable.

Remark
”Black box” optimization framework.

All we have is an "oracle” that can compute values of f(z) for any x (and possibly some deriva-
tives)
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0, ifzezn

1, otherwise

Example 1.3.1
Consider h(z) = {

min&mize f(z)

subject to ¢;(x) <0, Vi=1,---,m
h(zx) <0,
x € R™

In other word, we want x € Z™, where Z" is a lattice

Definition 1.3.1 (discrete optimization problem)
When the constraints of (OPT) restrict solns to a lattice, then (OPT) is called a discrete optimiza-
tion problem

Definition 1.3.2 (Continuous Function)
A function f : D — R is continuous over D if Ve > 0,39 > 0 such that |[x—y| < § < |f(x)—f(y)| <
e,Vr,y € D

Definition 1.3.3 (C*-smooth)
A function f : D — R, D C R" is open, then f is C*-smooth over D (i.e. f € C*(D)) if all its
< k-th derivatives are continuous over D

ExampI{l’l.3.2if >0

h =
(@) —1, ifr<?2

is discontinuous

g(z) = |z — 2| is continuous and C° smooth

F(x—2)?, ifz>2

f(z) = f(x )2’ 1 ¥ =% s continuous and C! smooth
52—2)%, ifzx<2

Definition 1.3.4 (Gradient)

Let f € C1(D) for some D C R". Its Gradient Vf € C°(D) : D — R" is given by

)
3751(1‘)

Vf(x) =

Definition 1.3.5 (Hessian)
Let f € C?(D) for some D C R". Its Hessian V2f € C(D) : D — R™*" is given by

e} 0
(9331£x1 (‘T) T azlgasn (IE)

Vi f(z) =

0 0
aévn{;m <$) te 8xn£xn (x)

Remark
If f and g are linear functions, then (OPT) is a linear programming problem.



Chapter 2

Linear Algebra

2.1 Vector and Matrix Norm

Definition 2.1.1 (Norm)
A norm || - || on R™ assigns a scalar ||z|| to every z € R™ such that

1) ||z|| > 0,Vz € R™

2) ||le-z|| = || - ||x]| Ve € R,z € R”
3) ||z|]| =0<= 2z =0

4) Mz +yll < [l=]] + [l

Remark

n
L*Norm ||| = (Z |~’Ci’k)1/k

i=1
ManhattanNorm l[x][1 = Z |i]
FEuclideanNorm lz]]2 = \/ Zm?
InfiniteNorm |[2]|oe = max |1

Theorem 2.1.1 (Schwartz Inequality)
Va,y € R™, |2Ty| < ||z||2 - ||y||2, the equality holds when x = \y for some A\ € R

Theorem 2.1.2 (Pythagorean Thm)
If x,y € R™ are orthogonal, then ||z + y||3 = ||z|3 + ||y||3

Definition 2.1.2 (Induced Norm)

Given a vector norm || - ||, the induced matrix norm associates a scalar ||A|| to all A € R™*" with
[|A]] = max [[Az]|
|l=f|=1
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Proposition 2.1.1

1Az = max |Az|l2 =

T
m ly" Azx|
||| |2=1 [lz]|l2=(lyll2=1

Proof
Apply Schwartz Inequality to |y? Az|

Proposition 2.1.2
[1A]l2 = [|AT]]2
Proof
Swap z and y in the above Proposition 2.1.1
Proposition 2.1.3
Let A € R™*" TFAE:
1) A is nonsingular
2) AT is nonsingular
3) Vx € R"\ {0}, Az # 0
4) Vb € R", 9z € R™ unique such that Ax =b

)

)

)

5) Columns of A are linear independent

6) Rows of A are linearly independent

7) 3B € R™™ unique such that AB = I = BA, where B is the inverse of A
)

8) VA, B € R™" (AB)~! = B~1A71 if B~! exists

Definition 2.2.1 (Eigenvalue & Eigenvector)
The characteristic polynomial ¢ : R — R of A € R™*" is ¢(\) = det(A — AI). It has n (possibly
complex or repeated) roots, which are the eigenvalues of A. Given an eigenvalue A of A, x € R" is
the corresponding eigenvector of A if Ax = Az

Proposition 2.2.1
Given A € R*"n

1) A is an eigenvalue <= 3 a corresponding eigenvector
2) A is singular <= it has a zero eigenvalue
3) If A is triangular, then its eigenvector are its diagonal entries
4) If S € R™ ™ is nonsingular and B = SAS~!, then A, B have the same eigenvalues
5) If the eigenvalues of A are Aj,--- , A,, then
e the eigenvalues of A+ cl are A\ +¢,--+ , A\p + ¢

e the eigenvalues of A* are A} --- M ke R

y \ny

; -1 1 1
e the eigenvalues of A7 are e
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e the eigenvalues of AT are A1, -+, M
Definition 2.2.2 (Spectral Radius)
The spectral radius of p(A) of A € R™*" is max |A|

A is eigenvalue

Proposition 2.2.2
For any induced norm || - ||, p(4) < ||AF[|'/* for k = 1,2,

Proof

Trick : ]|Ak||—|‘m|? ]|Aky||—max|| T
1

In particular, let A\ be any eigenvalue of A, x be the corresponding eigenvector

A%yl

1
1AM = ol A4 ol = |4 A al)
[J| ||
1
A% - |
el
= [A¥|

So for any eigenvalue A, ||A¥|| > [\|*
Therefore [|A*||Y/F > |\, VA, thus ||A¥||Y/* > p(A)

Proposition 2.2.3
For any induced norm || - ||, klirn I|AF|[YE = p(A)
—00

Proof
Too long, omitted

2.3 Symmetric Matrices

Proposition 2.3.1
Let A € R™"™ be symmetric, then

1) Its eigenvalues are all Real

2) Its eigenvetors are n mutually orthogonal Real nonzero vectors

3) If the n eigenvectors xi,--- ,x, € R™ are normalized such that ||z||2 = 1 with corresponding
eigenvalues Ay, -+, Ay, then A =Y"" Naal

Proof

Easy

Proposition 2.3.2
Let A € R™"™ be symmetric, then ||All2 = p(A)

Proof
We already know p(A) < ||A¥||'/*, in particular, p(A) < ||A]|2

It remains to show that p(A) > || 4|2
10
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Because the eigenvectors x;,7 = 1,--- ,n of A can be assumed ,utually orthogonal
Then we can write any y € R asy = > ;" | Biz; for some f; € R
By Pythagorean Thm, [|y|[3 = 3= 57 |z:l[3
Now Ay =AY Biw; = ) BiAz; = ) Bidiz;
Since all z; are mutually orthogonal, by Pthahorean Thm again, have
1Ayl[3 = B2AF||ill3
< 37 B20(4)fel 3

= p(A)*[|yl[3
By which we get, [[Ay|l2 < p(A)][y]]2
Also by the definition, we have
1
Allo = max ——|| Ayl
Il = mase - LAy
1
p(A)llyll2

< max ——
y#0 |[y]|2
= p(4)

Proposition 2.3.3
Let A € R™" be symmetric with eigenvalues Ay,--- , A\, € R

Then Vy € R™, A1[yl3 < y7 Ay < A\ullyll3

Proof
Again, write y = > B;x; for some (3; € R with x; are the orthogonal eigenvectors

On the one hand,

y Ay = (O Bix)" (O Bidizi)
= 2522)\196?% as xixj =0if i # j
= Billzill3

WLOG, we can assume ||z;||2 = 1, then we have
y Ay => BN
On the other hand,
lyl3 =Y Bllaill3 =Y 57

Clearly, we have

/\12@'

Mllyll3

IA

> BN
y' Ay
11

IN

A B

Anllyll3

IN
IN
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Remark
Why can we assume ||z;||; =17

As x; being the eigenvectors of A are defined up to scalar Ax = Az, we have

A(ﬁx) = )\(ﬁx)

Proposition 2.3.4

Let A € R™™ be symmetric, then ||A¥||y = ||A]|5, Yk = 1,2, -
Proof
Since AT = A, then (AT = (A AT =AT... AT = A... A= A*
Since A* is symmetric, then ||A¥||y = p(AF)

We know that the eigenvalues of A* are )\If R .

k
Thus p(A*) = (p(A))
We know p(A) = ||A||2, therefore ||Al|5 = ||A¥||2

Proposition 2.3.5
Let A € R™™ (not necessary symmetric), then ||A|]3 = [[AT A||2 = [|AAT||2

Proof
On the one hand,

|Az][3 = (Az)" (Az) = 27 (AT Az) < ||z[]2 - ||AT Azll2 < ||z - [[AAT ]2 - [[z]]
1
Al = — - ||Az|2 < ||ATA
On the other hand,
|ATAl| = max |yT AT Az
| |=(lylI=1

< max HyTATHQ - ||Az||2 by CS ineq
llyl|=1,|=||=1

= ( max |ly"AT]2) ( max ||Az||2)
lyll=1 leli=1

= [IAl]2 - [|A]]2
= [14]3

Combine these two things, we get ||A||3 = || AT Al|2

For the other equality, swap A and A’ in the proof and use ||Al|2 = ||AT||2

Proposition 2.3.6
[|[A7Y]2 is ﬁ, where A is the smallest magnitude eigenvalue of A

Proof

We know ||[A7Y|2 = p(A71), and the eigenvalues of A~! are the inverse of the eigenvalues of A

12
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Definition 2.4.1 (Positive Definite & Positive Semidefinite)
A symmetric matrix A € R™" is positive definite if 27 Az > 0,Vx € R", 2 # 0, it is positive
semidefinite if 27 Az > 0,Vz € R®

Remark

pd. for symmetric positive definite, psd. for symmetric positive semidefinite

Proposition 2.4.1
For any A € R™"(possibly non square), AT A is psd. Then the matrix AT A is pd iff A has full
column rank (i.e. rank(A) = n; which implies m > n)

Proof
1) AT A is square and symmetric (immediate)

2) ATAis psd. : Vo € R", 2T (AT A)z = (Ax)T(Az) = ||Az||3 >0
3) pd. iff rank(A) =n :
2T AT Az > 0,Yz e R,z £ 0
—||Az|2 >0
< ||Az||]2 > 0
<—Ax #0,Vz e R", 2 #0
<= the columns of A are linearly independent

<~ rank(A) =n

Corollary 2.4.1
If A € R™ ™ is square, then AT A is pd. iff A is nonsingular

Proposition 2.4.2
A square symmetric matrix is psd. (rsp pd.) iff all its eigenvalues are > 0 (rsp > 0)

Proof
We will prove the statement for psd/> 0, the proof is similar for pd/(¢0)

(=) Let X be an eigenvalue of A psd. and let « be the corresponding nonzero eigenvector
Then z'Ax > 0, so 27 \z = \||z||3 >0
Thus A >0

(<) Let A1, -+, A, be the eigenvalues of A and let xy,--- ,x, be the n (nonzero, real, mutually
orthogonal) eigenvectors.

For any y € R", we can write

y =Y Bix; for some B; € R

13
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Then we have
y Ay = (Y Biwm)" - A- (D Biws)
= (O BT (O BiAw:)
= O Bix)" (O Bidias)

= Zﬁf)\leZH% as z; are orthogonal
>0

Proposition 2.4.3
The inverse of a pd. matrix is pd.

Proof
Let Ay, -+, An > 0 be the eigenvalues of A pd.
Then the eigenvalues of A~! are %1’ e /\%L

14



Chapter 3

Convexity

3.1 Basic Intro

Definition 3.1.1 (Convex Set)
A set C C R"is convex if Az + (1 — ANy e C,Vx,y e C,V0 < A <1

Example 3.1.1
The set of two disjoint sets is nonconvex

A 7”donut” is nonconvex

Definition 3.1.2 (Convex Function)
Let D C R" be a convex set, a function f : D — R is said to be convex if f()\ac +(1-— )\)y) <
(@) + (1= N f(y), Yo,y € DO <A <1

A function is said to be strict convex if a strict inequality (<) holds as well

Example 3.1.2

y = 22 is a convex function, y = —x? is non-convex (concave)

Proposition 3.1.1
1) For any collection of {C; : i € I} of convex sets, their intersection N;c;C; is convex

2) The vector (Minkowski) sum {z +y : 2 € C1,y € C2} of two convex sets Cy, Cy is convex
3) The image of a convex set under a linear transformation is a convex set

Definition 3.1.3 (Level Set & Epigraph)
Let f: D — R be a function with D convex,

The level sets of f are {x € D : f(x) < a} for all & € R (sometimes 7 < )
The epigraph of f is s subset of R"*! given by epi(f) = {(z,a),z € D,a € R, f(z) < a}

Proposition 3.1.2

1) If f: D — R is convex, then its level sets are convex as well
2) f: D — R is convex iff its epigraph is a convex set

Note : The converse of 1) is not true ! For example, f(x) = /|z|

15
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The level sets of fis \/|z] < a <= |z| < a? <= —a? <z < ?
However, f is not convex !

Proposition 3.1.3
1) Any linear function is convex (but not strictly convex)

2) If f is a convex function, then g(z) = Af(x) is convex for all A > 0
3) The sum of two convex functions is a convex function

4) The maximum of two convex functions is a convex function (does not work for minimum)

Proposition 3.1.4

Any vector norm is convex (this is useful as optimize convex function is usually possible)

Proof
Let f(x) = ||z||, then Vx,y € R",0 < A < 1, have

FOz+ (1= Ny) =Mz + (1= Nyl
< [|Az]| + [1(1 = Ayl
= X-lzl[ 4+ (1 =) - [yl
= Af(x) + (1 =N f(y)

3.2 Taloy’s Thms

Theorem 3.2.1 (Talor’s Thm For Uni-variate Functions)
flx+h) = Zf:o %di(f), where d;(f) is the i-th derivative of f and ¢(x) = %di+1f(x+)\h), 0<

o(h) _

A <1 is the residual function. In particular, limy_q SE =

Theorem 3.2.2 (Talor’s Thm For Multivariate Functions - 1st order (k = 1))
f(x+h) = f(2)+hTV f(x)+d(h), where ¢(h) = SATV2 f(z+Ah)h,0 < A < 1 with limy, % =0

Theorem 3.2.3 (Talor’s Thm For Multivariate Functions - 2nd order (k = 2))
F(x+h) = f(z) + BTV f(x) + SKTV2 f(2)h + ¢(h) with limy,_q % =0

Theorem 3.2.4 (Mean Value Thm)

Let f: D - R, D CR,feCYD),thenVa,y € D,3z € [z,y] such that f(y) = f(z)+Vf(2)(y—=x)
Proof
By 0-th order Talor Expansion

Definition 3.2.1 (Directional Derivative)

The directional Derivative of f in the direction of y is V,, f(z) = limy—0 M
In particular, V., f(x) = %(x) and Vf = (Ve, f(z) - -Venf(x))T

The ”direction” draws out the function

Theorem 3.2.5
Let f € C', then V,f = hTVf

16
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Proof

f(z +ah) — f(z)

vas = i T
o £@) 4 abTVS() + 6(ah) — f()
a—0 (%
— lim ah™V f(x) + ¢(ah)
o a—0 o
= lim 7athf($) + lim olah)
a—0 o a—0 6]

_ KT f () + tim 2O

a—0
= W'V f(z) by definition of residual above

Proposition 3.2.1
Let D C R™ be convex and f : D — R be differentiable over D. Then f is convex iff f(z) >
fx)+ (z =)'V f(z),VYz,2 € D

$ Tj@) 9 P VST

\\ ;\/\(‘M (? s v ’,/

Proof
(=) As D is convex, then z + (z —z)a=az+ (1 —a)r € D,VO < a <1

i f(x+a(z — x)) — f(z)

a—0 «
By convexity of f, V0 < a <1

=V.—of(x) = (z = 2) f(2)

f(o+az—2)) af(z)+ (1 - a)f()
f(o+alz - ) - f@) < af(2) - af(a)
fletaG=a) 1@ oo

Taking the lim,_q

(=) If f(2) > f(z) + (2 — )TV f(x),Vz,2 € D
Let a,b € D be any points in the domain of f, let ¢ := aa + (1 — a)b
fa) > f(e) + (a = )TV () (3.1)
F®) = fle)+ (b —e)"V[(z) (3:2)
17
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Multiply (3.1) by « and (3.2) by (1 — «), then add them together, we get:

af(a)+ (1 —a)f(b) > a(f(c)+ (a— )" VI(e) + (1 —a)(fle)+ (b—c) V()
ala—e) TV (e)+ (1 —a)(b—c)TVf(c)

(va —ac+b—ab—c+ac)'Vf(c)

(

+
+
+ (aa+b—ab—c)TVf(c)

IV IV IV IV IV IV

Hence f is convec over D

Proposition 3.2.2
Let f:R" = R, f € C?(D), then

(1) If V2f(x),Vz € D is p.s.d., then f is convex over D
(2) If V2f(x),Vz € D is p.d., then f is strict convex over D
(3) If D = R™ and f is convex over R", then V2f(z),Vx € D is p.s.d.

Proof
(1) Vz,y € D, by 1st order Taylor

1
FW) =f@) +W-2)"'Vi@)+ 50 -2 Vi r+aly—2)y-2),0<a<l]
(2) Similar to (1) with y # z, strict inequality
(3) Suppose for contradiction that 3z, z € R” such that 27 V2f(x)z < 0
Since V2 f(z) is continuous, we can find a z small enough that 21 V2f(z + az)z < 0,V0 < a < 1
By Taylor
1
flet2) = (@) + 2 V@) + 52" Vif(z+ 82)2,0 < B <1
<f(@) +2"V ()

Which contradicts convexity
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Chapter 4

Optimality Conditions

Definition 4.0.1 (Critical/Stationary Points)
All x such that V f(z) = 0 are called critical or stationary points

All local minimizers are critical points, but the converse is not always true

Remark
V2f is symmetric since

il R b
81'1‘312]‘ - 893]8.’21

Theorem 4.0.1 (First Order Necessary Conditions For Optimality)
Let f:R™ — R be Cl-smooth. If z* is a local minimizer, then V f(z*) =0

Proof
Let Bs(z*) be such that f(z*) < f(x),Vx € Bs(z*)

Vi,VIh| <0, f(x* + h-e;) — f(z*) >0

Henceszifh>O
Hatthe) 1) < g if h < 0

Since f € C!, then limy,_, W exists

If both > 0, < 0 hold, then = 0 hold

Hence %(m*) =0,Vi

Therefore Vf(z*) =0

Theorem 4.0.2 (Second Order Necessary Conditions For Local Optimality)
Let f:R"™ — R be C?-smooth. If * is a local minimizer, then Vf(z*) = 0 and V2 f(z*) is p.s.d.

Proof
Let z € R"\{0}, we need to prove 27 V2f(z*)z > 0

Let Bs(z*) be such that f(z*) < f(x),Vx € Bs(z*)

19
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Let y:=h- ﬁ with 0 < h < 9, then we have

fl@* +y)— f(z*) >0
B(y)

Fa*) +yTV (") + %yTV2f(x*)y o) = f(z7) 2 0 where | T o =0

By 1st order condition, we have y” V f(z*) = 0, hence we have

1 h? 5,

— \V4

ST v @)+ o) 20
V@) + AP ol 2 0

Take the limit when h — 0, by Talor, we have

Therefore we have 27 V2 f(z*)z > 0

Theorem 4.0.3 (Second Order Sufficient Conditions For Local Optimality)
Let f: R™ — R € C?(Bs(z*)),z* € R,6 > 0. If Vf(z*) = 0 and V2 f(2*) is p.d., then * is a strict
local minimizer

Proof

By Talor 2nd order, Vh € Bs(z*)

f@* +h) = f@*) + WV f(a*) + $hTV2f(2*)h + ¢(x) where limy, o pz0 Gt =0
Let 0 < A\; < --- < A, be the positive eigenvalues of V2 f(z*)
By the definition of limit

o), _ M

< 2
e =T

Ir > 0:Vh € B.(z"),|

= [p()] < [[A]]

Remember that,

gl - A1 <y V2 F(*)y < [lyl]* - A
Also by assumption, V f(z*) = 0, then we have

Fa 4 h) = F) + Sh T @)+ 6(h)

L1 A
> () + Sl (25

= f(@) + FIRIP -
> f(z¥) for all h € B,(z*)\{0}

Therefore z* is a strict local minimizer over B, (z*)
20
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4.1 Summary For Necessary And Sufficient Optimality Conditions

Vi) =0

V2f(z*) p.d.
o,

x* is a strict local minimizer
@,
z* is a local minimizer

(3)
-

{Vf(x*) =0
V2f(z*) p.s.d.
The converses of (1), (2), (3) are all false!!!
Counterexamples:

(1) f(z) =2* at 2* =0

(2) f(x)=1atz* =0

(3) f(z) =23 at 2* =0

Theorem 4.1.1
Let C' C R™ be a convex set, and f : C' — R be a convex function. A local minimizer of f is also a
global minimizer. If f is strictly convex, then there is at most one global minimizer

Proof
Suppose z* is a local minimizer, and y* is a global minimizer with f(y*) < f(z*)

By convexity of f, have
flay"+ (1 —a)z”) <a- f(y") + (1 —a) f(z7)

= f(@*) +a- (fy") - f(z9))
< f(z"),V0<a<1

<

Thus, Vr > 0,3z # x* such that ||z — z*|| < r and f(z) < f(z*)
For instance, z = a - y* + (1 — a) - * with a = m
Thus z* is not a local minimizer, which is a contradiction

Therefore f(y*) > f(z*)

42 P.S.D

Theorem 4.2.1 (Spectral Decomposition of Symmetric P.S.D.)
VA € R™" symmetric, 3D, Q € R™*" such that
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(1) D is Diagonal, its diagonal entries are eigenvalues of A

(2) @ is orthogonal, i.e. Q=1 = QT

(3) A=QDQ"
Proof
Let A1, -+, A\, be the eigenvalues of A and z1,--- ,z, be their corresponding eigenvectors

Then Vi=1,--- ,n, Ax; = \jx;, thus

T T T [Ay O 0 ... O T
1 A1T1 T 0 X O 0 x1
x Aok x x
A =7 2P |0 0 s 0 = [P diag(An, - )
i -

As A is symmetric, these x;’s are mutually orthogonal, i.e. z;2; = 0 when ¢ # j
WLOG, assume ||z;|| =1
Let Q = [ml To ... CL‘n], then QTQ =1
Let D = diag(A1,- -+, A\n)
We get AQ = QD, thus A = QDQ~ ' = QDQ"
Theorem 4.2.2 (Cholestic Decomposition)
Let A € R™"™ be symmetric, then
Ais p.s.d. <= 3G € R™ " such that A = GGT

Proof
(=) Assume A = QDQT by the previous thm, where QT = Q~! and D is diagonal

Denote VD = diag(v/Di1,- - s/ Don)

Let G=Q - VD

Then GGT = QVD(QVD)” = QVDvVD' QT = QDQ" = A
(<=) Assume A = GGT

Note that VM € R™*™ M7TM is p.s.d.

Let M = GT
Observations :

_|d 0 _ _|@u Q2| |d 0] _ [Qud 0
(M 1evD = [0 0]7 then G = QVD = {Qzl QQQ] [0 0] B [Qzld 0]

So G = [g;ﬁ] satisfies GGT = A

(2) If A is p.d., then v/D is invertible

Since @ is always invertible, we get G + Qv D € R™™ is also invertible
22
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Definition 4.2.1 (Bounded Set & Closed Set & Compact Set)
(1) A set S C R" is bounded if S C Bs(0) for some ¢ finite

(2) A set S C R™ is closed if for any sequence z1,z2,--- € S such that lim; ,o x; exists, then

(3) A set is compact if it is bounded and closed

Theorem 4.2.3 (Existence of A Global Minimizer)
If S € R" is nonempty and compact and f : S — R is continuous, then Jy,z € S such that

fly) < flx) < f(z),Vz €S

Theorem 4.2.4 (Continuous Leads To Closed Level Set)
If f is continuous, then its level sets are closed

Proof
Let S ={z € R": f(z) < a} be any level set

For any sequence z1,z2, -+ € S, we have f(x;) < a. then by the continuity of f

f(lim z;) = lim f(2;) <

1—00 1—00
Thus lim; oo z; € S

Theorem 4.2.5 (Continuous And Bounded Level Set Gives Global Minimizer)
If f:R™ — R is continuous and has at least one bounded nonempty level set, then f has a global
minimizer

Proof

Let a be such that S = {z € R" : f(z) < a} is bounded nonempty

By Thm 4.2.4, S is closed, thus compact

By Thm 4.2.3, f has a ”global” minimizer over S :

JyeS: fly) < flx),VreS

Consider all points = € R™\{S}, we have f(z) > o > f(y)
Thus f(y) < f(z),Vx € R
Example 4.2.1 (Functions without global minimizers)
Want to show each level set is either unbounded or empty
(1) f(x) = 2z, pick any «, see that the level set is unbounded
(2) f(z)=e€*,ifa=2,then S={zr €R:2 <In2},if « <0, then S =10

Definition 4.2.2 (Coercive Function)
A function f: R™ — R is coercive if all its level sets are bounded

Note : If f is coercive, unless f(z) = +o00, Vz, then it has a global minimizer.
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Theorem 4.2.6 (Equivalence of Coercive)
Let f: R™ — R be a continuous function, TFAE:

(1) f is coercive

(2) Vr € R,dm > 0 such that ||z|| > m = f(z) > r (If we want f above r, z has to be m—far
away from origin

Proof
(2) = (1) Consider S ={z € R": f(z) < a}

By (2), let r = a + 1, we have

dm>0: ||lz|]|>m = f(z)>a+1

So S C By,(0), i.e. S is bounded. The reasoning holds for all «

(1) = (2) For any given r, consider T' = {x € R" : f(x) < r} bounded by assumption
Hence 36 > 0 such that 7" C Bs(0)
For all x such that ||z|| > ¢ + 1, must have x ¢ T, thus f(z) > r

Letting m = 6 + 1 and we are done

Example 4.2.2
Let A € R™*™ be of rank n, then f(z) = ||Ax — b|| with b € R™ is coercive

Trick f(x) = ||Az — b|| > ||Az|| — ||b]| by the triangle inequality
Note AT A is P.S.D, in fact, p.d. because A is full rank (Proposition 2.4.1)

f(@) > || Azl - [Ib]l = /(Az)T(Az) - |Jo]
— \JaT (AT A) — |1y

> v/ Ail|z||2 — ||b]| by Proposition 2.3.3

> VAdl|z]| = b

So given any r > 0, we have f(z) > r when ever ||z|| > 7@\%”
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Chapter 5

Unconstrained Quadratic Optimization

5.1 Quadratic Functions

Definition 5.1.1 (Quadratic Function)
A quadratic function takes the form g(z) = 27 Az + b7 2 +c for any A € R™*" b € R", ¢ € R, where
IETAZ‘ = Zi,j Aij.’L‘i.’L‘j

We can assume WLOG that A is symmetric.

Theorem 5.1.1 (Generalization When A is not symmetric in the quadratic form)
Let A € R™ " and let G be the symmetric part of A4, i.e. G := (A+ AT)/2. Then

(1) G is symmetric and (2) ¢(z) = 27 Gz + bz + ¢,Vr € R®

Proof
(1) Let’s compute the transpose of G

A+ AT
2

GT = ( )T:%(AJrAT):G

(2) Observe that 27 Az is scalar so (z7 Ax)T = 2T ATz, then

TA T A TA TAT 1

Definition 5.1.2 (Range & Kernel)
The range (or column space) of A € R™*™ is Range(A) = {Az : z € R"}

The kernel (or null space)of A € R™*" is Null(A) = {z : Ax =0,z € R"}

Theorem 5.1.2 (Relation of Range and Null)
Let C € R™". If y € Range(CT) and z € Null(C), then yTz =0

Proof
Since y € Range(CT), then 3z € R™ such that y = CTx, hence

ylz=(CTa)lTz = ot Cz =0
=~
0 since zeNull(C)
25
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Theorem 5.1.3 (Decomposition of any vector (follows the fundamental thm of linear algebra))
Let C € R™*™ For any w € R", there exists y € Range(CT) and z € Null(C) unique such that
w=y+z

Proof
Let w =y + 2 + b, where y € Range(CT),z € Null(C),b € Range(CT)* N Null(C)*

The decomposition is unique since Range(CT) L Null(C) L b
Consider Cb € R™, then CT(Cb) € Range(CT)

Hence b | CT(Cb) as b € Range(CT)*+

Thus 0 = b7 (CT(Cb)) = (Cb)T(Cb) = ||C| |3

So Cb =0, then b € Null(C)

We get b € Null(C) N Null(C)*, therefore b =0

Derivative of ¢(x)
(1) a%b% =b, Vblz =1
(2) %ITAx = % Zi,j Aijxia:j = %(Zjik Aijkxj + Ziyék Azkxza}k + Akk$%)
(as A is symmetric) = %(Z#k Akjer®j + D525 AkiTiTy + Appry)
= 52 (221 Arjrny + Agpa)
=2 Zj;ék Aijj 4+ 2Agpxr = 2 Zj Akjibj
= kth row of 2Ax
Vil Az = 2Ax
(3) V2 'z =0
2
(4) 78762(%1 xl Ax = 8%1(2 Zj Apjxj) = 2Ap, V2zl Az = 2A
Theorem 5.1.4
Given A € R™ ™ be symmetric, b € R", ¢ € R, let q(z) = 27 Az + bz + ¢
y ) ) ) q
. ) . 1 4-1
(1) If A'is p.d., then g(z) has a unique global minimizer z* = —5A7"b
(2) If Ais p.s.d. and b € Range(A), then ¢(x) has a global minimizer
3) Otherwise, g(z) has no global minimizer, i.e. g(z) — —oo for some ||x|| = 400
(3) . q g ,le. g

Proof
Necessary Conditions:

z* local minimizer =— {

Vq(z*) =0 . 24z +b=0
V2q(z*) p.s.d. 2A,i.e.A p.s.d.

(1) Assume A is p.d., then all eigenvalues > 0, thus A~! exists

. . . . . . o - 1 4—1
There is a unique critical point (i.e. point where Vg =0) 2* = —5A7"b
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It is a local minimizer since V2q(z*) = A is p.d. (see sufficient conditions)

Note that for any h € R™

" Ah = (2% AR)T = hTAT2* = T Az (5.1)

Hence we have
qg(z*+h) = (" + h)TA@* +h) + b1 (2" +h) + ¢
— o Ax* + a2 Ah+ hTAz* + BT AR + 6T +6Th + ¢
= (2" Ax* + 072" + ¢) + (2 Ah+ KT Az*) + hTAh +bTh
= q(z*) + 2T Az* + KT Ah + b7 h by (5.1)

=q(z*) + 2hTA(—%A_1b) +hT AL+ bTh
=q(z*) — hTb+ hT A+ bTh

= q(z*) + hT AR

> q(z7)

(2) b € Range(A) = —3b € Range(A), so Az* = —1b for some z*
Hence x* satisfies Vg(z*) = 2Az* +b =10
Then same proof as (1), ¢(z* + h) > g(z*),Vh € R"
(3.1) Assume A is p.s.d but b ¢ Range(A)
We try to find a direction z that ¢ goes to —oo
Write b = y + z uniquely with y € Range(AT) = Range(A),z € Null(A),z # 0 since b ¢
Range(A)
For any A € R
q(\2) = 2221 Az 20T 24 ¢
=0

(v +2) 7+

vz 40272 + ¢
<~

=0
A=l e

Y
>0 since z#0

A
A

For A\ = —o0, we get g(\z) = —o0
(3.2) Assume A is not p.s.d., then Jv € R", vT Av < 0
Still we want to find a direction

v if v >0

i b7 0’ we have w’ Aw < 0 and bTw >0
—v 1 v <

LetweR"withw:{
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For any A € R, g(\w) = A2 wl Aw+ApTw +¢
<0 >0

Take A — —o0, we get ¢(Aw) — —00

28



Chapter 6

Least Squares Problem

0, A4 il

Given ay, -+ ,am € R¥ by, by € R, find a function h : R¥ — R such that h(a;) =~ b;, Vi
Least Squares : Minimize Y, (h(a;) — bi)2

Goal : Determine the best h among a family of functions, parametrized by = € R™ :

12ip 3 (hefa) — b0

Let f(z) = 32; (ha(a;) — ;)% mingepn f(z)

6.1 Linear Least Squares

he(a;) = 101 + x2ain + -+ - + Ty, = CLZTLI} in 1 dimension :
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® (a3, bs3)

e (az, by

® (a1,b1)

x

Note : How to get a hyperplane (or line) that does not contain the origin?

Let n =k +1,a; 541 = 1,Vi, then hy(a;) = z1ain + - -+ + Tpaik + Tp41
f@) = (af = ;)% = (Ax — b)* = (Az — b)) (Az — b) = || Az — b||3
= 2T AT Az — 2T ATh — b7 Az 4+ bTb

=zl (AT A)x — 2ATH) Tz + b

Thus f(z) is a quadratic function
If rank(A) = n, we have seen that ||Ax — b||2 is coercive, so it has a global minimizer.
If rank(A) = n and AT A is p.d., then f(z) has a global minimizer

" = —L(AT A)~1(=24Tb) = (AT A)~1AT}

Let g : R® — R™ with g¢;(z) = hy(a;) — b, we have f(z) =), (gZ(:L‘))2 =g(z)g(x)

Definition 6.2.1 (Jacobian Matrix) Vgi(z)" g o(®) o grai(@)
The Jacobian matrix of g is given by J(z) = : = : : :

Vgm(x)" =gm(®) - Fgm(x)

Thus Vf(x) = 2J(z)Tg(x) (think about Chain Rule)
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Remark

If gi(z*) =0, then Vf(2*) = 0 and z* is a global minimizer

82
axkaxl Z gi(x a ——gi(z
82

=2 Z (%gz(x)aikgz(l‘) + gz(év)mgl(:r))
V2f(z) = (2 Z 9i(z)V3gi(z) ) +2 J(x)TJ ()
- —_— ~—

" not necessary p.d. p.s.d
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Chapter 7

Descent Algorithms

General Framework

Choose z" € R"
for k=0,1,2,---
Choose a search direction p* € R”
Choose a step length o > 0

Let z*+1 = 2% + akpk

Remark
o is not « to the power k, same for p¥, z¥. Also the objective function f(z**!) should be much

smaller than f(2*) and z* converges as fast as possible

Steepest Descent pF = —Vf(zF)

Lemma 7.0.1 (From Limit to Bound)

Let lime—0,¢>0 @ = 0 for any K > 0, there exists e small enough such that |p(eh)| < eK

Proof
For any K > 0, there exists v > 0 such that |@ — 0] < K,V0 < e, i.e.

[p(eh)| < eK,V0 < e <~y
Thus e sufficiently small is € < ~

Theorem 7.0.1
Let f € C1(By(2"¥)),t > 0 and V f(2*) # 0. Consider the optimization problem, for some 0 < € <

t,min{ f(z*¥ 4+ ep) : ||p|l2 = 1}. Let p* be a minimizer, then lim_,op; = — Hgﬁizg\l
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Proof
Vf(x
Let 2 = o,p = — 43} hence Vf(x) = —plIV 1 ()]

Let u € R™ with ||ulla = 1,u # p, so ||u — p|| > 6 > 0, hence

(u—p)"(u—p)> o
wfu—2uTp+pTp > 62
2 —2uTp > 62

52

T
<1l-——
u'p 5

First use Taylor to write f(z + €u)

p(eu)

€

=0

f(z+eu) = f(x) + e VF(z) + d(eu), with 21_{%
= f(z) = €| [V f(x)|[u"p + (ew)

2

> [@) — V@10~ 5+ beu)

Now we want to get rid of ¢(eu). For € small enough, by Lemma 7.0.1, we have
(52
[élew)] < e([[Vf(2)ll )

52
Bleu) > —el|VF ()|

Hence we have a lower bound
52 52
fla+eu) 2 flz) —el[VF(@)(1 = 5) = e[V @)l
52
= f@) —el[VF@)l| + e [[Vf(2)]]

Then use Taylor to write f(z + ep)
¢(ep)

€

=0

flz+ep) = f(z) + ep" Vf(z) + (ep), with lim

(z) = el Vf(@)llp"p + (ep)
(z) — €[V f(2)]] + o(ep)

Il
- =

Again, for € small enough, combined with the lower bound, we choose our magic upper bound

2
6lep)| < IV 7 @)

2
s(ep) < VI @)

Hence we have a upper bound

2

fla+ep) < (@) — el V@) + LIV
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Using two bounds, we have

2 2

flo+ ) < 7(@) ~ dIVF@I + LIV @ < 7@) — dIVF@I + LIV < o+ ew)

Therefore f(z + ep) is the minimizer

Definition 7.0.1 (Descent Direction)
p* is a descent direction if f(z* + ep¥) < f(x*), for all € small enough

Theorem 7.0.2

Let ¥ be such that V f(z*) # 0, if (p*)TV f(2*) < 0, then p* is a descent direction

Proof
Let p = p*, WLOG, ||p|| = 1, by Taylor, have

P+ ep) = £(2) + V) + 6(ep), with i PP — g

For € small enough, |(ep)| < €|ip? V f(2F)| = —e5p? V f(2¥)

Hence we have

Fak o+ p) < ) + S Vi) < f)

Once p* is chosen, determine o such that ¢! = zF + oF 4 p¥
e Exact Line Search : of = argminaso{f(z* + ap®)}

We define () = f(2* + ap®)

Note :

¥(0) = f(2¥) and once o is chosen, ¥ (aF) = f(zF 1)

P (@) = Lyp(a) = Vf(2F + ap?)Tp* (directional derivative)

Y'(0) = Vf(z*)Tp* < 0 since we assume p* is a descent direction

Sufficient Decrease Condition : Fix 0 < 0 < %, « must satisfy that :
() < (0) + ooy’ (0)

Curvature Condition (Scveral Variants)

P(2-a) > (0) + o2a1)(0)

Armijo (”backtrack”) Inexact Linea Search
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Let a:=1
If « fails sufficient decrease
While « fails sufficient decrease
a= /2
Else « fails curvature condition
While « fails curvature condition
a:=ao-2

Theorem 7.1.1
Let f € CY, Vf(2*) # 0 and let p* be a descent direction, then

Either the Armijo Algorithm terminates and « satisfies both conditions
Or a — 400 and f is unbounded below (f(x*) — —00)

Proof
e If the first loop terminates, « satisfies sufficient decrease and 2« fails it, i.e. « satisfies curvature
condition

We need to show that the first loop terminates:

() = ¥(0) + a - ¢'(0) + ¢(e)
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For « sufficient small, by Lemma 7.0.1, (note ¥’(0) < 0), have

6()] < al 32(0)
4(a) < —az/(0)

Thus ¥(a) < (0) + 2¢/(0) - «

o If the second loop terminates, a satisfies curvature condition, § fails it, i.e. « satisfies sufficient
decrease

e If the second loop does not terminate,

$(2) < 9(0) + 2o y/(0),V) € Z*
~—~—

<0

Thus 9(27) — —oo for j — +00

e If we did not go in either loop, a = 1 satisfies both conditions

Definition 7.1.1 (Lipschitz Continuous)
A function f : R™ — R is Lipschitz continuous with constant L if | f(y)— f(z)| < L- ||y —z||,Vx,y €
Rn

Note : Lipschitz continuous implies C° continuous, but the converse is not true.

Theorem 7.1.2
Let f € C'(B5(0)), f is Lipschitz continuous with constant L on Bs(0) if and only if ||V f(z)|| <
L,Vx € Bg(O)

Theorem 7.1.3 (Zoutendijk’s Thm)
Let f:R"™ — R with f € CY{(R"). If

(1) Vf is Lipschitz continuous

(2) Vk, p* is a descent direction with V f(2®)Tp* < —pu||Vf(xF)||2 - |[p*||2 for some 0 < p < 1. This
means if g = 1, then p*¥ would be the steepest direction (think of vector dot product, y would be
a cosine of an angle)

(3) Vk, o satisfies both decrease and curvature condition
Then either (a) limy_ o f(2F) = —00, or (b) limy_,0o Vf(2¥) =0
Proof

We will prove there is no other situation (c), i.e. if (b) does not happen, then (a) does

Note that (b) limg_,e V.f(2¥) = 0 can be stated in the following way

Ve>0,3K >0:Vk> K, |[Vf(z")| <€

If instead (b) does not happen, i.e. limy_,o, Vf(2*) does not exists or not equal to 0, then
Je>0,VK >0,,3k>K : |[|[Vf(z")] >e (7.1)
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In the rest of the proof, we will show that (7.1) implies f(xz**!) < f(2*) — § for some constant
§ >0, thus f(2*) = —o0

We need to find a upper bound of ¢(a*), note that ¥/(0) < 0, we must find a lower bound of o
Now consider for some 0 < o < %, the curvature condition gives:

¥(2a%) > (0) + 2aFa¢' (0)

And the mean value thm

30 < 7 < 205 (2aF) = ¥(0) + 225/ (7)

Together we have

"(7) > o'(0)
V(" +4p")Tp" > oV f(ah)Tp" (7.2)

Then consider Lipschitz gives

IV f(@* +3p") = VF(@P)]] < L-~p"]]
And the CS inequality gives

[Vf(@* +p") = V(@) p" <||IVf(@" +p") = VM) [1p¥|
< L-||p"|?
V(" + ") " < VR TP + L ~l[pk]? (7.3)

Combined (7.2) and (7.3) together, have
V)P + LApM? > oV ()T
L-Allp*|? > (0 = )V f(a")Tp"

L-A|[p"[]* > (o — 1)¢/(0)
(1 0)(—'(0))
T TP

Recall that 0 < v < 2o, thus o > v/2, hence finally we get an lower bound for o

v (1= o) (=/(0))
TN

Now we show the sufficient decrease

() < (0) + o (0)

< 00)+ 005 P (0) note /() <0
o(l—o (0
= ¥(0) — (QL . (fﬁginlf
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By hypothesis

(¥'(0)% = (V") Tp")? > 2 IV £ )12 - |11

Hence we have

AL RN AT

By (7.1), [[Vf(z")]] = €, s0

i o(l — o)u?e?
vl(a¥) < (o) - T2
g — 0 262
f(a:k —1—Ozkpk) < f(.’l?k) _ (1 2L):UJ

e We now have a complete algorithm:
Start at an arbitrary 2% € R"
For k=1,2,---
Choose p* such that V f(z*)TpF < —p- ||V f(«*)|| - ||p¥]|, for some 0 < p <1
for example p* := —V f(x*), the steepest descent
Choose o with Armijo inexact line search
Let okt .= ok + oFfpF
If (f(2"* < =M) or (|[VF(@*)]] <e)
STOP

7.2 Convergence of Descent Algorithms

Definition 7.2.1 (Converge Degree)
A sequence sV, s!,--- converges with degree d to 0 if [s**!| < C - s

linear if d = 1 and quadratic if d = 2

¥|4. Convergence is said to be

Definition 7.2.2 (Strongly Convex)

A function f € C'(R") is strongly convex if (Vf(y) — Vf(a:))T(y —z) >1-||ly —=||*,Vz,y € R"
for some [ > 0

Lemma 7.2.1

If f is strongly convex, then ||V f(y) — Vf(2)||> > - |f(y) — f(z)|,Vz,ty € R"

Lemma 7.2.2 (Assignment 1 Q2)
Let f € C?(R"), f is strongly convex if and only if (VQf(x) —1- I) is p.s.d. for all x € R™

Lemma 7.2.3
Any strongly convex function is strictly convex
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Theorem 7.2.1
Assume the same condition as Zoutendijk’s Thm, if in addition, f is strongly convex, then f(z*)
converges linearly to a local( global ) minimizer f(z*)

Proof

From the previous proof we have

o(l —o)u?
2L

O = f(2*) < fa¥) = fz7) -

FETY < flak) - IV f ()|
o(l— o)y’

5T IV ("))
By Lemma 7.2.1, ||V f(z*) = Vf(z*) |2 > 1 |f(zF) — f(z*)]
0

Le. we get an lower bound ||V f(z*)[|? > 1 - (f(z*) — f(z*)), hence

oll—o0o 2
F@* ) = f&*) < f(@*) = f(2*) - <12L)M| L (f@®) = f2)
oll—o 2
< (@) - fla) @ - L
>0,<1

Thus the sequence ( f(zF)y = f (x*)) converges linearly to 0

Theorem 7.2.2
For a strongly convex quadratic function, the steepest descent method with exact line search has
||x¥ — z*|| converges linearly to 0. Also this bound is tight, i.e. cannot converge with d > 1

Thm 7.2.1 shows that in many cases, the sequence converges linearly and Thm 7.2.2 shows that
not many can converge over linealy, this leads to the next section

Consider a quadratic approximation of f at z* :

Flab 4 by qh) = F(a¥) + BTV () + Sh T f )

If( and only if ) Vf2(2*) is p.d., ¢(h) has a unique minimizer h = —[V2f(2*)] 71V f(z¥)
The newton step is given by taking p* = —[V2f(2%)]7'V f(2¥), note clearly it only works if the
V2(f*) is p.d.

Definition 7.3.1 (Linearly & Quadratic Convergence)
A sequence s, 5!, - - - converges linearly to zero if |s*+1| < O |s¥| for some 0 < C' < 1, the sequence
converges quadratically if |s**1| < C - |s*|2 for some C' > 0

Note : Newton’s Method : 2#+1 = 2% — V2 f(2F) 1V f(2F)
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Lemma 7.3.1

Let F': R™ — R™*™ be continuous over B, (xg) for some zy € R"™ such that F(zp) is nonsingular.
Then there exists R > 0 such that F(z) is invertible for all x € Bgr(zo) and F(x)~! is continuous
over Br(zo)

Proof
Given any matrix A € R™*™ det(A) is a polynomial in all entries of A

Since det(F(z0)) # 0, then there exists R > 0 such that det(F(z)) # 0 for all z € Br(wzo)
Still given A € R™*™ (A1);; = #EA) where P is a polynomial in entries of A

Thus (F(z)™') is a polynomial in F(z) divided by another nonzero polynomial, hence it is con-
tinuous

Theorem 7.3.1
Let f:R™ — R be such that f € C*((B,(z*)), if

(1) V2f is Lipschitz continuous over B,(z*), i.e.
IV2f(y) = V2 f(@)ll2 < L |ly — «ll2

(2) Vf(x*) = 0 and V2f(2*) is p.d. (2nd order sufficient conditions for local optimality)

(3) V2f(x)7 Y| < 2||V2f(2*)~ | for all x € B,(z*) (By lemma, there exists 7 sufficiently small such
that this is satisfied)

1
W) 7 < srerrE

Then Newton’s Method converges quadratically to x* if 2° € B,.(z*)
Proof
Assume for induction that 2% € B,.(z*), we will show that 2**! € B,(z*)
xk—&-l L - xk _ sz(xk)_1Vf($k) —x*
=0
—
L (VN - 2t) = (V") = V(7))
1 1
— V2f(a) L. (/ V2 f(2F) (o — a)dt —/ V2f(2" + HaF — 2%))(zF — o*)dt
0 0

-~

=V2f@ah)~"-

does not vary with ¢ directional derivative of V f)
in direction (z* — z*)
integrated from z* to ¥

1
— V2 (M) / (V2f(a*) = V2 (2" + t(a* — o)) (a* — 2*)dt
@ - -

(b)
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(a) [[V2F (") 7Y < 2-[IV2f (") 7Y by (3)
1
(b) : H/O (V2f(2¥) = V2f (2" + t(a” — %)) (" — a¥)dt]|
1
< / 1(V2f (%) = V2 f (" + t(a" —a*)| - [Ja* — 2| dt
0
1

< / L ||zf —a* —t(aF — 2*)|| - ||a® — 2*||dt

“—Jo
1
SL‘/O @* = 2%)(1 = 1)]| - [la* — 2| dt
1 k *|2
L- _
:L-||:ck—a:*|]2/ (1 - nyar = 2l = o1F
0 2
Therefore have

L-[lo* - o]

et — ) < 2 VR ) ) 2

By induction, we have ||z¥ — 2*|| < r and by (4) r < 1 =17j> hence have

2L||V2f(z*)

1
25 = 2| < o ffa® = 27|

So the convergence (if any) is quadratic
And since [[z% — 2*|| < 7, we have |[zF+! — 2*|| < L||2% — 2¥||

Therefore we have the convergence

41



Chapter 8

Trust Region Methods

Algorithm

Choose x° arbitrarily

Let 8 =1

For k=0,1,---
Let g(z) be a quadratic approximation of f that is accurate around xk
2TEST .= argmin{q(z) : ||z — 2*| < 6%}

pi= %;:5—% // The ratio of decrease

Ifp>1/8
R+l —  TEST

Else z¥+1 = zF

Ifp<i/4
S+l — 5k/2

Else if p > 3/4 and ||zT#5T — 2¥|| = ¢*
5k+1 —9. 514:

Else k1 = §F
Note :

e There are other possible choices, but we consider
1
g(x) = f(z") + (x — 2V f(27) + Sz = )TV f(ab) (z — o)

decrease N/ fom 2F to
decrease in ¢
considered in the agrmin set.

e p is the ratio TEST The decrease in ¢ is guaranteed > 0 since g(z*) is

o If zTEST — 2k then the 2nd order sufficient conditions are satisfied. — STOP
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8.1 The Trust Region Subproblem (TRS) Scribe : Saiyue Lyu

e 6% is the Trust Region Radius. We consider ¢ is a ”good” approximation of f in By (2*). If
p is small, the approximation is bad, and we decrease 6%

Theorem 8.0.1
Let f € C%(R") and assume that V2f is Lipschitz continuous in a ball that contains the level set
of 20, Then for the trust region method

(1) Either #¥ — —c0 or Vf(2*) — 0 (similar as descent method)
(2) If z¥ — z*, then z* satisfies 1st and 2nd order necessary condition for local optimality

(3) If 2% — 2* and z* satisfies the 1st and 2nd sufficient conditions for local optimality, then for k
large enough, ||z7FST — 2F|| < 6%, the step is Newton’s Step, so the convergence is quadratic.

8.1 The Trust Region Subproblem (TRS)

constant

—~

argmin{ 1(z*) +(@ — Vi) + S (@ — )V fab) @ - 2b) ¢ e - ab] < 1)

Do =

For simplicity, let & = ””g—,fk, we get
agrmin{ (5ka(a:k))T T+ ﬁT((ék)2%V2f(xk))5v S lE) <1}
k\2
=argmin{z’ Az +bTz : ||z|| <1} where A = %V%‘(xk), b= 68V f(ab)
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How do we solve (TRS)?

min z! Az + bl x

stz <1
If A is p.d., then we can compute & = —%Ailb
CASE 1 Ais p.d. and ||#[| = || — $A7'b|| < 1. Then & is optimal for (TRS)
CASE 2 A is not p.d. or ||2]| > 1. Let #(\) = —3(A+ A)~'b

Note :

e (A + \I) shifts all the eigenvalue, so at some point, all the eigenvalue would be positive thus the
inverse (A + A\I)~! is well-defined.

e Let Ay <--- < )\, be the eigenvalues of A, & is defined for all A > —X\;
e :(0) would be optimal in CASE 1
e #()\) would be a global minimizer for 27 (A4 + Az + bTx

Theorem 8.1.1
[|£(N\)|| is a decreasing function of A over (—A1, —00). Moreover limy_, ||Z(A)|| =0

Proof
Let A = QDQ" where Q is orthogonal and D = diag(A1,- -+, \)

Observe that for all z € R", ||Qz|| = ||z since ||Qz||? = (Q2)T(Qz) = 2TQTQz = 2Tz = ||2||? or
intuitively Qz is a rotation of z as @) is orthogonal. Thus
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#(\) =

2N =

—%(QDQT D
~5(@DQT +2QIQ") b
QD +ANQT b
—%QT”(D +AD)7'Q
—%Q(D +AD7LQTD
SR+ An7QT|

1
D+ AXD7TQ"b|| b =
2H( ) Qb by [|Qz]| = ||z

1
SID + A0~ e

2
T -

0 0 A
-1
s 0.0

+
0 1 . 0

- 1
A1+

L=

\V)

Cn

L An+A

: |2 G o
——

- ~—
- constant >0
decreasing for A>—X\;

lim [[z(A)|| =0

A—00
CASE 2a : ¢; # 0, # 0 Note :

In this case, limy_y, [|Z(A)|] = +o0
Then I A\* such that ||z(A\*)]| =1

Lemma 8.1.1

c1 = (QTb)y = vfb =TV f(2¥
of V2f(2*) corresponding to A; (||v1|| = 1), so ¢1 # 0 means V f(x

If Z is a global minimizer for (TRS) in CASE 2a, then ||Z|| =1
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Proof
If ||Z]| < 1, then 3 Bs(z) C B1(0)

Since # is a global minimizer, it is also a local minimizer for 7 Az + bz

If \; <0, Aisnot p.s.d. and 27 Az + bz has no local minimizers. A; = 0 excluded by hypothesis
of CASE 2a

If \; >0, Ais p.d. and 27 Az + b"z has a unique local (and global) minimizer, but by CASE
2a hypothesis, ||z]| > 1

Theorem 8.1.2
Z(A\*) is a global minimizer for (TRS) in CASE 2a

Proof
Recall that £(\*) is a global minimizer for 27 (A + M1z + b x

If we restrict to ||z|| = 1, and we have ||Z(A*)|| =1
$(\*) = argmin{zT (A+ XDz + b7z : ||z|| = 1}
= argmin{z’ Az + \* x\TfaE +bl2 ¢ ||z]| = 1}
ll=f[>=1
= argmin{z? Az + bTx + \)\; x| =1}

constant

= argmin{zT Az + 0Tz : ||z|| = 1}

By Lemma 8.1.1, #(\*) = argmin{z? Az + b7z : ||z|| < 1}

CASE 2b : either¢c; =0or A\ =0
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Theorem 8.1.3
A global minimizer for (TRS) in CASE 2b is given by

where v; is the eigenvector of A corresponding to A1, ||v;|| = 1 and 7 is chosen such that ||Z|| =1

Proof
Nocedal-Weight page 84 ”the hard case”
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Chapter 9

Optimality Conditions For Constrained Op-
timization

0.1 KKT Points

Definition 9.1.1 (Local Minimizer for Constrained OPT & Feasible Improving Direction)
Consider

min f(x)
st. e GCR"

the point & is a local minimizer if & € G and there exists € > 0 such that for all x € B.(Z) N G, we
must have f(z) > f(2)

Note :

e The above definition does not require (B(%) N G)\{#} # 0, i.e. & could be the only point, in
which case it is the local minimizer

e Equivalently, Ad € B.(0) : £+d € G and f(Z +d) < f(&). Such a d would be called a feasible
improving direction (or step)

Informally, consider
s.t. h(z) =0
Let £ € R™ such that h(z) = 0. Is there any improving direction d at z?
If d is small, h(Z + d) = h(Z) + dTVh(Z) = d"Vh(Z)
e d "feasible” : we want d! Vh(Z) =0
e d "improving” : we want d’ Vf(z) <0
Take an arbitrary such vector d 1 Vh(Z).
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If d'V f(z) < 0, then we are done
If 'V f(z) > 0, we can take (—d) : have (—d)TVh(z) = 0 and (—d)TV f(z) <0
If d'V f(z) = 0, we need another direction d

When are there no feasible improving directions?

When, for all d € R such that dT Vh(z) = 0, we have d' V f(z) =0

When all directions orthogonal to Vh(Z) are also orthogonal to V f(z)

Le. when Vh(Z) is parallel to V f(z)

Such 7 is called Karush-Kuhn-Tucker (KKT) Point

Example 9.1.1

min xi + xo

st xi+x5—-2=0

where h is a convex function, and the feasible region is the circle of radius v/2 (just the boundary
not include the inside part), which is not convex as there is hole in it.

How can we change h such that the feasible region h(x) = 0 is also convex? We must need h is a
linear function

Note that we want h(x) = 0 instead of h(z) < 0, so the thm about convex function and convex set
does not work here.

Vi(x)= [ﬂ, Vh(z) = Bg], KKT points : [ﬂ and [_ﬂ such that z1 = o

Informally, consider
st g(z) <0
Let z be such that g(z) <0
CASE 1: g(z) <0
For all ||d|| sufficiently small (thus in the feasible region), g(Z +d) < 0
We want d? V f(z) < 0, which exists iff Vf(z) # 0
CASE 2: g(z)=0
d "feasible” : ¢(z +d) ~ g(Z) +d'Vg(z) = d"'Vg(z), so want d' Vg(z) <0
d "improving” : d'Vg(z) < 0

When are there no feasible improving directions?
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CASE g(z) <0 : we want Vf(z) =0
CASE g(z) =0 : for all d such that d?Vg(z) < 0, we have dIVf(z) >0

Lemma 9.1.1
Let a,b € R", TFAE:

(1) for all d € R", d¥a <0 = d’b > 0 (think of vector multiplication with angle)
(2) b= —Aa for some A >0
CASE ¢g(z) <0 : we want V f(z)
CASE ¢(z) =0 : we want Vf(Z)
Vf(z) = -AVy(7)
KKT points : ¢ A >0
AVg(z) =0

0

—AVyg(z) for some A > 0

Given min{f(z) : g(z) <0}, KKT at y are :
CASE ¢(y) <0: Vf(y) =0
y) =

CASE g(y) =0: Vf( —AVg(y) for some positive A

Example 9.1.2
min xi + To
s.t. x%+w%—2§0

CASE 1 22 + 22 -2<0, Vf(y) = [1,1]7 = 0 never holds
CASE 2 2} +23-2=0

Vi) =117 = -\g(y)
= 2y, 20T = -N\/2-y

Hence y = [—1, —1] is the only KKT point

Definition 9.2.1 (NLP)

min f(x)
sit. gi(zr) <0Vie{l,--- ,m}
hi(x) = OVi € {1, p}
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Definition 9.2.2 (Linearized Feasible Direction & the Cone L n 1 p))
Let y be feasible for (NLP), a linearized feasible direction is a vector d € R™ such that

(1) Vi € {1,--- ,m} if g;(x) = 0, then dT Vg;(y) =0
(2) Vi€ {1,---,p} have d"Vh(y) = 0

The Cone of Linearized feasible directions at y is the set of all such directions, denoted as

Linrp)(y)

Definition 9.2.3 (KKT Points)
Let y € R", y is a KKT point if it satisfies the KKT conditions :

(1) y is feasible for (NLP)
(2) Vd € Linrpy(y), d"Vf(y) =0

Theorem 9.2.1 (Farkas’ Lemma)
Given A € R™*" b € R™ {Ax =b:x >0} is feasible iff {ATy > 0: b7y < 0} is infeasible

Proof
(=) Let = be such that Az = b,z > 0, i.e. a feasible solution

Then Vy € R™, if ATy >0, have 27 ATy > 270 >0
Also 2T ATy > 0 gives (Az)Ty >0, ie by >0
Thus {ATy > 0: b7y < 0} is infeasible
(<) Consider the Primal-Dual pair
(P) = min{0Tz : Az = b,z >0}
(D) = mazx{bTy : ATy <0}
Note that (P) cannot be unbounded as 07z is always 0
Note that (D) cannot be infeasible as y = 0 is a feasible solution
Using contrapositive, have
{Az = b:x > 0} being infeasible
=(P) is infeasible
=(D) is unbounded
=3deR™: ATd < 0and b"d > 0
Let y = —d, so ATy >0and b7y <0
={ATy > 0:b"y < 0} is feasible
Theorem 9.2.2

Let A € R™" B € R™P b€ R™, then {Ax + Bw = b: x > 0} is feasible iff {ATy > 0: BTy =
0,67y < 0} is infeasible
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Proof
{Az + Bw =b:x > 0} is feasible
={Az + Bw" — Bw™ =b:x,w",w” > 0} is feasible
x x
={[A4 B —-B] - |w"|=b:|w"| >0} is feasible
w™ w™
={[A B —B]Ty > 0: by > 0} is infeasible
={ATy >0: BTy >0,-BTy > 0,bTy > 0} is infeasible
={Aly > 0,67y = 0,07y > 0} is infeasible
ATy >0
Ax+Bw =b -
Variant of Fakas’ Lemma : v feasible <= ¢ BTy =0 is infeasible
! =0 Ty <0
Y

KKT conditions at = feasible for (NLP)

For all d such that

d'Vg;(z) <0 foralli=1,---,m with g;(z) =0
d"Vhi(z) =0 foralli=1,--,p

conditions = d'Vf(z) >0

and we have these two

Using A A B = C'is equivalent to =(A A B A =C), i.e. the system

~Vgi(z)'d>0 foralli: g;(z) =0

Vhi(z)Td =0 for all 4 is infeasible

ViE)'d<0

By Farkas’s Lemma, it is equivalent to 3\ € R™, A > 0, 1 € R! such that

> AiVgi@) + Z 1iVhi(z) = Vf(z)

i:9:(2)=0

Theorem 9.2.3 (KKT Gradient Equation or Complementary Equation)
Given (NLP), a feasible point  is a KKT point iff

IX€R™ A >0, u € R such that { Zlgl( )=0

Example 9.2.1
consider the system

We have g;(z) = —x;, hi(z) = A" —b;, Vg(z) = —e;, Vhi(z) = A’

0 AiVgi(Z) + 3 miVhi(z) =V f(z)

z
i gz( ) =0
min Lz min 'z
s.t. Az = b or equivalently < s.t. —Izx <0
x>0 Ar—b=0

T
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M+ATp=c (1)
<= x'A=0 (2)
A>0 (3)

ZZ- Aiei + Zz MiAiT =c

KKT conditions : 3A > 0, such that -
)\z‘ . (—xz) =0

(1) gives A = ¢ — AT > 0, i.e. the system is equivalent to

AT <ec < (dual feasibility)
(c— ATz =0 <« (complementary slackness)

Let @ = {x € R": g;(x) <0Vi, hi(z) = 0Vi} (feasible region of (NLP))

Definition 9.2.4 (Feasible Arc)
A feasible arc at z in the direction of d is a function ¢ : [0, ¢] — R™ for some ¢ > 0 s.t.

(1) ¢(0) ==

(2) ¢ € C*([0,d])

(3) #'(0) =d

(4) o(t) € Q, for all t € [0, (]

Definition 9.2.5 (Tangent Cone)
Given a point z € R", the tangent cone to Q at z is To(x) = {d € R™ : 3 feasible arc at = with
direction d}

Example 9.2.2
Q={zeR?:||z|| <1} and z = [-1,0]T, then Tq(z) = {[d1,d2])T : d1 > 0}

Lemma 9.2.1
Let ¢ : R — R™ and f: R" — R with ¢; € C}(R) for all i and f € C*(R"), then (%f(d)(t)))(to) =

V£ (#(t0)" (%)(to)

Proof
By the Chain Rule, given functions a,b :

a(b(@))' (o) = a'(b(x0))' (x0)
Also by the Chain Rule, given a(y1,y2)

a(b(z), c(:z:))/(xo) = ;a(b(xo), c(z0))b' (z0) + %a(b(mo), (o)) b’ (z0)

Y1
Therefore
d d d d d T ;1
(5570 (t0) = (GF((ta))) (G t0) + -+ (= F(6(00)) (56 ta) = V£ 10) 0 (1)

Theorem 9.2.4
Let x be feasible for (NLP) and assume L(y,p) = Tq, then if z is a local minimizer of (NLP), then
it is a KKT point.
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Proof
By definition of a KKT point, we want a feasible x and all d € L(yp)(z) such that d'Vf(z) >0

Let d € Linrp)(x), then d € To(z), so 3¢ feasible arc at x with direction d
Let vy(t) = f(o(t)) for t >0
7(t) —(0)

lim
t—0,t>0 t

7(0) =

by definition of ~, have v(0) = f(¢(0)) = f(z)

Since z is a local minimizer, vy(t) — v(0) = f(é(¢)) — f(z) > 0, thus +/(0) >0
By the above lemma, 7/(0) = V £(6(0))T¢/(0) = V £(z)7d

Therefore V f(2)7d > 0

Example 9.2.3 (when minimizer is not a KKT point)

min xri + xo
st. —x9 <0
—37:1)’+3U2§0

Minimizer is z* = [0,0]

Let f(z) =21 + 22, Vf(z) = [1,1]", Vf(z*) = [1,1]"

And g1(z) = —2, Vg1 (z) = [0, —1]", Vg1(z*) = [0, - 1]T

Also go(x) = —23 + 29, Vga(x) = [-322, 1], Vgo(x*) = [0, 1]7

KKT gradient equation system gives

V(@) = =A1g1(z") — Aaga(z™)

Which is —A;[0, —1] — A2[0, 1] = [1, 1], which is infeasible, so z* cannot be a KKT point

Remark
In the example,

To(x™) ={z € R%: 2 > 0,29 = 0}
L(NLP)(:E*) = {l’ € RQ X9 = 0}

These two cones are distinct
The tangent cone only care about the feasible region

The cone of linearized feasible directions cares about the gradients of the specific problem
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Example 9.2.4

min ri + o

st. —x9<0
—IE:{"l‘l'QSO
—l’1§0

g3(z) = —a1, Vgs(z) = [-1,0", Vg(a*) = [-1,0]

The gradient equation gives V f(z*) = —\1[0, —1] — A2[0, 1] — A3[1,0] = [1

Therefore z* is a KKT point

Theorem 9.2.5
Vo € Q,Tq C Liyrp)(7)

9.3 Constrained Optimization

Given NLP

To(z) = {d € R™ : 3 feasible arc ¢ : ¢'(0) = d}
LNLP(I') = {d e R™: Vgi(x)Td < O,Vi . gl(a:) = O,th(:c)Td = O,Vj}

, 1], which is feasible

KKT Point : x € Qis a KKT point if Vf(x)"d > 0,Vd € Lypp(z), iff 3\, u; where all these holds:

=Y AiVgi(@) + Y pili(x) = Vf(x)
A >0
)ngz(:c) = O,Vi

Theorem 9.3.1

Let x € Q such that To(z) = Lyrp(z), if = is a local minimizer, then x is a KKT point

Definition 9.3.1 (Constraint Qualification)

A constrained qualification (CQ) is a condition on the feasible set of NLP s.t. To(z) = Lyrp(z)

Theorem 9.3.2
Let x € Q, then To(z) C Lyrp(x)
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Proof
Let x € Q and d € Tg(x)

There exists ¢ > 0 and ¢ : [0, ¢] such that

$(0) =
¢ is C° smooth and ¢/(0) = d
6(t) € Q,Vt € [0,

We want d € Lyrp(z) such that

Vgi(z)Td = 0,Vi such thatg;(z) = 0
Vhi(z)Td =0,V

Suppose 3i : g;(x) = 0, consider Taylor expansion g; o ¢ at 0 in the direction ¢ € [0, c|
o(t)

Define a function o(t) where limy_,og =~ =0

¢
Note that g;(¢(t)) < 0 and that g;(¢(0)) = gi(x) = 0, hence have

g9i(0(t)) = g:(6(0)) + g} (6(0))t + o(t)
0> g/(6(0 t+o()

¢(0)

(0))

= Vyi(¢(0)
(0)

(0)

t—i—o

Tdt

) o
= Vyi(¢ )
RS o
)
)

(

(
(Divide both sides by t) 0 > ng((ﬁ 0

(

(

(Taking the limit of both sides) 0 > Vg, (¢(0

—ng ¢

Exercise : do for hj;(x)

Definition 9.3.2 (Linear Independence CQ (LICQ))
The LICQ holds at = € Q if the set {Vg;(z) : gi(z) = 0} U{Vh;(z) : Vj} is linear independent

Theorem 9.3.3
Let x € Q, if x satisfies LICQ, then T (z) = Lyrp(x)

Proof
read up on it

Remark
h(z) =0<= h(z) <0,—h(z) <0

Example 9.3.1
min{z; + z2 : —x2 <0, —23 + 22 < 0} with 2* = [0, 0]

Does the LICQ hold at z*7
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Vagi(z) = [0, —1], Vga(z) = [-322,1] at =* : {[0,—1],[0,1]}, not linearly independent

Definition 9.3.3 (Linear Programming CQ (LPCQ))
The LPCQ holds at x € Q if all the tight constraints are affine (of form axz — b)

Theorem 9.3.4
Let x € Q, if the LPCQ holds at x, then To(z) = Lyrp(z)

Proof
Let = € € be such that LPCQ holds

Then by definition of LPCQ, have
gi(xr) <0,i=1,---  k for some k
gi(x)=0i=k+1,--- ,m = gi(x) =alz—b

hj(x) =0,Vj = hj(z) = a?x — b

Let d € Lypp(z), we want to prove d € Tq by definition of Lypp(x), we have

Ozvgi(x)Td:a?d’i:k+1’... ,m
0= Vh;(z)'d=a]dVj

Consider ¢(t) = z + td, we have ¢(0) = = smooth with ¢'(t) = d, ¢(t) € §, have
Vi, hj(x +td) = a]T(x +td) —bj = aJTx —b; + a]Ttd = ajrx —-b;=0
Vi=k+1,--- ,m,gi(x+1td) = ajT(a: +td) —b; = alx — b + altd = g;(z) + tVg(2)Td > 0

Vi=1,---,k,gi(x+td) <0,Vt €0,¢),€e >0, by continuity of g;

Then ¢ is a feasible arc Vt < min{e; }, so d € Tq(z)

Theorem 9.3.5
Let x € Q such that a CQ holds at x, if x is a local minimizer, then z is also a KKT point

Review
LICQ The set {Vgi(x) : gi(x) = 0} U {Vh;(x),Vi} is linearly independent
LPCQ The tight constraints at x are all affine.

x is a KKT point if 3 \;, pj such that
(1) Vf(z) = =X \iVgi(z) + X Vhy(x)
(2) A >0

(3) Aigi(z) =0
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Example 9.4.1

min z' Az ,z € R", A € R™" symmetric

st ||z|| =1

note this is a continuous function on a compact constrained set, but the norm function is not
continuously differentiable, how do we fix this? we can fix the constrained to be ||z||> = 1, which
is a equivalent one. Now check the constrained qualification before do KKT point

We have LICQ as the set {2z} is linearly independent when z # 0, then every minimizer will
satisfies the KKT, i.e. KKT satisfies at Z if 3y such that

(1)2A4% = p(2%) <= AZ = pZ, at T the objective value is T AZ = Z (u&) = p

min f(x)
s.t. gi(x) <0,Vi
hj(x) = 0,Vj

f, g; are convex

h; is affine

Definition 9.5.1 (Slater CQ or Strict Feasibility)
The Slater CQ holds for (Convex Program) if 37 €  s.t. ¢;(%) < 0,Vi

Theorem 9.5.1
If the slater CQ holds for (CP), then To(z) = Lyrp(z) for all x € Q

Theorem 9.5.2
Let x be a KKT point for (CP), then z is a global minimizer of (CP).

Proof
Let y € Q,y # x, we want to show that f(z) < f(y)

Since x is a KKT point, it follows that Vf(z)'d > 0Vd € Lyzp(x)
Now we show that d := (y — z) € Lypp(z)

Recall that if ¢ € C' and convex function, then

c(#) > o(z + V(@) (& — 2)Vi, T (9.1)

Suppose there is a tight constraint i be such that g;(x) = 0, then by (9.1), have

9i(y) = gi(z) +Vgi(z)" (y — )
<0 -0
0> Vgi(z)"(y — )
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Suppose there is a affine constraint j € {1,---,p}, we need Vh;(z)"(y —z) =0

Since h; is affine, hj(x) = ajT:U + b;, hence

h(z) =0 «— afx—l—bj:O
h(y) =0 <= aly+b;=0

Subtract (9.2) and (9.3), we have a;‘-F(y —1z)=0,ie Vhj(x)(y—2z)=

We have shown that d := (y — z) € Lyp(x)

By the KKT conditions Vf(z)'d > 0,¥d € Lypp(x), which gives Vf(z)?(y — ) >0

Since f is convex by (9.1), we have
fy) = f@) + V(@) (y — ) > f(z)

What if g;(z) < 0? Things can be really good or really bad

Consider g;(x) < 0 is an open set (for example interval), if f is linear, then we can never obtain

an optimal soln, thus there is no KKT point

if f is quadratic and obtain the minimal value at z in the interior of the open set, then V f(z) = 0,

we have 0 = Vf(z) = — > \iVgi(x) + > 1;Vhj(z), we can just choose \; = pj =0

Corollary 9.5.1

Suppose the slater CQ holds for (CP), then z is a global minimizer iff z is a KKT point

Remark
All the results for convex optimization also hold when the function are not C!

Example 9.5.1

min ||z —2°||3 this is called projection

s.t. l; < x; <wy,Vil; < u; this is called Box constraint

note the objective function is a strict convex quadratic function as the hessian V2f(z) = 21 is
positive definite. And the constraints x; — u; < 0 and —x; + I; < 0 are affine thus convex. So this

is a (CP). We can choose x; = (I; + u;)/2 as a slater point.
The KKT conditions are
2z —20) = — Z )\;rei + Z Ay (—ei)

1 _
T = i(aco — Z()\;r + A )ei)
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XV

Example 9.5.2 (Projection onto a box)
Given [,u, z € R™ with | < u, solve min ||z — z||* subject to | < x < u. (how to construct the point
and prove it is the optimal)

f@)=(@—2)T(x—2) =TTz —22T2 4+ 22
gi(x) =li—z;, gi'(x) =z — s
Vi(x) =2z -2z
Vgl(z) = —e;, Vgi(z) = ¢;

LICQ : For all i, at most one of gl(z), g*(x) is zero

Thus the gradient of the active constraints at any feasible x give a subset of the columns of an
identity matrix = linearly independent

LPCQ : All g;(z) are linear (affine)
Slater : Slater point : H'T“
Hence KKT is necessary
f is convex and feasible region € is convex, thus KKT is sufficient
Feasibility : | <z <u
KKT eqn : — > . A(—e;) = >, Me; =2(x —2) &= N =X =2(z—2),\,\* >0
Complementarity : (2; — ;)AL =0, (u; — 2;)A\¢ =0
Fori=1,---,n
CASE 1: z; <;
For any = € Q, z; < z;, for )\é — A\ =2(x; — 2;) > 0, we need /\é >0
Since (z; — li))\é =0, we have z; = [;
CASE 2 : z; > u;
For any x € Q,2z; > x;, so A} > 0, thus z; = u;
CASE 3 : [; <z <w;
If z; < x;, by CASE 1 , we have )\é =0 <« z; =1; < z; < x;, Contradiction!
Similarly if z; > x;, A} > 0 < x; = u; > 2; > x;, Contradiction!
Therefore x; = z;

Algorithm : For all i, z; = median(l;, u;, z)
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Chapter 10

Algorithms For Constrained Optimization

10.1 Equality-Constrained Optimization

Quadratic Penalty Method

Choose z°, p > 0
For k=0,1,2,---

2kt = argmin{g,(x)}, where g,(z) = f(x)+ PZ (hl(gj))z
i=1

(initialize unconstrained method at z*)
p=C-p, where C' > 1

Note that for a large p, to minimize the objective function g, it forces h;(z) to be really small

But when p is too big, such as %, we will have a problem, this is why we just say p is a large number
but not directly given a really large number

Example 10.1.1

min (z1 — 1) + (29 — 1)?

st.x1+ax9=4

The level set is a flat ellipsoid around z; = z9 = 2 on the line x1 + x5 = 4, with a really large
p, the algorithm will give any point in this ellipsoid, finally converging to the minimizer point, i.e.
the soln will become unstable as p getting large.

Theorem 10.1.1 hi(z)

Let f,h1,-- hy € CYR™) and let g(z) = || | . | [[> =3, (hil2))?
hn(z)

Suppose ¥ — x* and Vhy(z*),--- , hy(z*) are linearly independent, then
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Either (1) Vg(z*) =0 and g(z*) > 0 Or (2) z* is a KKT point

Quadratic Penalty Method :

go(@) = f(@) + p X1 (hil@))’
Drawbacks :
For a large p, the unconstrained problem is bad numerically.
By design, p has to be large as when h;(z*) =0, V(hi(x))2 becomes small.
Exact Penalty Method :

9p(x) = fl2) + p 2y |hi()|
Advantages : When h;(z¥) ~ 0, V|h;(2")| is constant
Drawbacks : |h;(z)| is not differentiable
Augmented Lagrangian Penalty Method :

Lagrangian Relaxation :

Lz, p) = f(x) = D70 pi - hi(x)

Theorem 10.1.2
KKT points z of (NLP) with multipliers i coincide with stationary points (z, i) of L

Proof
KKT conditions for (NLP) :

Feasibility : h;i(z) =0,Vi=1,--- ,n
Gradient Equation : 3 : >, 1;Vhi(z) = V f(Z)
Stationary Point of L : VL(z, 1) = 0, since

Remark
z is a KKT point for (NLP) iff 35 : VL(Z,n) =0

Important : The above does not imply that (Z, ) is a local minimizer for L, however, for any
KKT point z, 3 such that z is a local minimizer for min {L(z,pn) : p = i}
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Finding i By Augmented Lagrangian Method

Choose z°, 1%, p > 0

For k=0,1,2,---
2" = argmin{L s (z, u*)} # argmin of =
where L4(z, p) Zuz i +,OZ

(initialize unconstrained method at ")
pith =t —2p- hy(a™) (10.1)
p=0C"-p, where C >1

Why (10.1)? At z++1 .

0= V,La(a", p*) = V@) = pf - Vhi(a") + 20 hy(aFh) - Vh (2"
i=1 i=1

vf(karl) _ Zuf . th(karl) + QPZhl(karl) . Vhi(xk+l)

i=1 i=1

— Z - 2P h k+1)) . Vhi(l‘k—H)

Setting ,ukH to (,ufC —2p- hi(xkﬂ)) lets us satisfy the gradient equation at z**!

k+1 k+1

Keep in mind we still miss feasibility of """, so = is not necessarily KKT
Advantages of Augmented Lagrangian Method :

L(z, p) is differentiable, in practice, will usually converge before p grows too large

Focus on the closed convex cone

Definition 10.2.1 (Closed Convex Cone)
K is a closed convex cone if it is closed, convex, nonempty and x € K,A >0 = (\z) € K

The three most important cone are :

R} ={z e R",z > 0}
Cy' ={(y,2) ERxR" : y > |[z[2}
S ={XeR"™: X is ps.d}

Conic Programming

min ¢ T
st. Ax =b
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Definition 10.2.2 (Interior and Boundary)
int(K)={x € K: 30 >0such that z € K, Bs(z) C K, K is a closed convex cone}

boundary(K) = K\int(K)

Definition 10.2.3 (Barrier Function)
A barrier function is a convex function ¢ : int(K) — R such that lim, ,, ¢(x) = 400 for any
b € boundary(K)

The standard boundary functions are
o R : ¢(x) = ;logx;

« C s g(a) = —log(y? — I|oI13)

o S? 1 ¢(x) = —log(det X)

For R, we want the penalty function of 0 makes all values equal to 0 and equal to +oo at 0, for
(C’QL'H, y? — ||z||3 stands for z in the graph, and for §%, all the eigenvalues are > 0, so det X > 0,
consider when one of the eigenvalues goes to 0, det X stands for x.

In X
CSnoc
AW
o
’ N

Primal Interior Point Method

Choose 2° € int(K) : Az =1b, p° >0
For k=0,1,---
"~ argmin{g,(z) : Az = b} (10.2)
where g,(z) = Tz 4 p*o(x)
initialize at z*
PP =C - pF with C < 1

The LP Case (K =R")
We take a quadratic approximation of g, () for (10.2) at z* :

gp(z) = e+ pkgb(x)
ok

= T o(a) + pla — )T T(R) + 2 (0 — o) T 926 (") (@ — o)
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Let h = 2 — z¥, then (10.2) becomes :
constant constant
— e N pk
min ¢’ +eTh+ pFo(a®) +p" T VR (2F) + ?hTV2¢(azk)h
st. A@xF+h) =0
o(x) = — Zlogmi

—1/%1
Vo(z)= |
-1/,
1 1
2 B
=d = ... =
VEo(a) = diag( 5.+ s )
Which is
1/a} "
min (c—pt | o | ) b EhT - diag(1/ (), 1/ k) D)h
1/}

s.t. Ah = b — AzF = 0 since z* satisfies Az* = b

gradient eq : >, u;Vy(h) = Vf(h)

KKT conditions are :
feasibility : u;vi(h) =0

1/2%
. AT/L:(C—pk )—i—pkdiag((x%)w”'v@)h
1/zk
Ah =0
1/}
- _ _pk diag((x%)zf ’ (xk)Q) AT |:h:| — (C - pk )
A 0 H 1/xk
0

Note that the matrix is symmetric and easy to solve it numerically

Theorem 10.2.1
For R%,Cy S7, the primal interior point method satisfies |[z¥ — z*|| < e after k = p(F, )
iterations, where

e p is a polynomial
e I is the encoding size of the problem

= Polynomial Time Algorithm
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Given p closed convex cones Ki,--- , K, we have that Ky x --- x K, = K is also a convex cone.
In practice, we can solve

T

min ¢ T
st. Az =b
reK

Example 10.2.1 (Euclidean Facility Location Problem)
Given by, -+ ,b; € R”, find x € R™ that minimizes ) ||b; — z||2 (note each b; is a distinct vector,
not ith element)

This problem is non-differentiable and f(z) = ) ||b; — x||2 are not Lipschitz-continuous, reformu-
lating :

min Z t;

s.t. t; > Hbi—xHQ,i:l,--- k| (ti,bi—x)ngﬂ

Reformulating again :

min Zti
st ti > |lyilla,i=1,--- K, (ti,y;) € CoT
yz:bz_xvl:]-a 7k

Once again
main Zti
st > ||zl
ti > lyill2
Yyi=bi—x
Finally
min 17t
s.t. (M?xuthyh T 7tk7yk) € (C;H_l X X C72H_1
yi=bi —x

10.3 Review For Duality

Definition 10.3.1 (Dual Cone)
The dual cone of a closed convex cone K C R" is K* = {s € R": sTa > 0,Vx € K}

Theorem 10.3.1

(1) K* is a closed convex cone

(2) (K*)" =k

(3) (R)* =R, (CyT)* =Cytt, (S7)* = ST, these cones are self-dual
66



Scribe :

Saiyue Lyu

primal (P) dual (D)
min ¢z maz by
Ar =b c—ATye K
reK

Theorem 10.3.2 (Weak Duality)
If x is feasible for (P) and y is feasible for (D), then ¢’z > b"y

Proof
Let s = ¢ — ATy € K*, then clearly ¢ = ATy + s, have

o= ATy +2)Tz
=yl Az +sTx
=yTb+ stz
>y'b=0b"y

Note that sTz > 0 by definition of the dual cone.

Theorem 10.3.3 (Strong Duality)

If (P) has a Slater point, i.e. 3z € int(K) : Az = b and z* is optimal for (P), then Jy* optimal

for (D) where c’'z* = bTy*

Recall that at each iteration, we can solve min{g,(x) : Az = b}, where g, = f(z)+p-¢(z), solutions
to this problem for fixed p are central points. Together, taking all p > 0, they create the central

path.

In the case of LP, (K = R ), g, = f(x) — p>_log(x;), and we can assume that there is a slater

point for any nontrivial case, so KKT conditions are sufficient for global optimality.

KKT conditions :

ATy = Vg, (x)
Ax =0

Reformulate as
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Dual LP :
maz by
ATy <e
Is equivalent to
—min —bly
ATy +s =
y+s=c
s>0

Adding a barrier :
—min —bly — pz log(s;) # denote this as F(y, s)
Aly+s=c¢

KKT conditions for modified dual
[Aa I]T’y = [va(ya 5)7 VSF(ya a)]T

= [by,ey—bp, =L LT
S1 Sn
Aty +s=c
Reformulate as
Ay =-b
— [_ﬁ _ﬁ]T
S1 Sn
ATy +s=c
By identifying 4 = y and v = —x, we get
1
ATy:C—i_p[_iv' 7_7}T
€1 T
Ax =b
=L, Ay
S1 Sn
1 1
Aly+s=c= s=p——, -7
I In

Primal-Dual Interior Point Method : solve the system
ATz =b
Aly+s=c¢
xisi =p,Vi=1,---.n
using Newton’s method (variant)
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Chapter 11

Intfroduction to Neural Networks

Machine Learning : Classification/Labelling Problem

We are given N input vectors in [0, 1]™ that are already labelled into categories (the ”training set”),
can an algorithm assign ”good” (accurate) labels to more vectors?

11.1 Neural Networks (NN)

A trained NN provides a function F : R — R¥. If € R is an input vector, j* = argmaz;{F(x)}.
(1) Given NN, how is F'(z) computed? (2) How to get an NN that is a good classifier?

For a single neuron (one neuron):
e
R
7
output = o7 (a linear combination of inputs)

Typical choices for o1(z) : R — R is

sigmoid function

o1(z) = 1+e7
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or Rectified linear unit (ReLU) :

r x>0

Ul(x):{o <0

Example 11.1.1
o1(1z + 0), normal sigmoid function

01(3z + 15), shifts points to = 5, transition is much sharper

rEXAm;féﬂ/C" : i‘ffﬁgmatfc[ , one a'nptd P

G X+ 0) - = = T35y

Definition 11.1.1 (Weight & Bias)
In o1 (w'z + b1),w € RF is the weight and b; € R! is the bias

For a layer of neurons :

All k; neurons in layer [ have the same inputs z € R™. Together, their output is in R*. The output
of a layer [ is o(w - x 4+ b), W € R¥. For w € RF>™ ¢ Rk,

we define o : RF — Rk as

o1(1)
o(x) = :
Ok (Th,)
For a neural network :
=1 output =
=2 output o(w’z + b?)
=3 output 0(w3 co(w?z + %) + b3)
l=4 output a(w4 co(w? - o(w?z + b)) + %) + b4>
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L=3

A deep neural networks means the number L of layers is large. A hidden layer is a layer [ with

l#1and ! # L

Definition 11.1.2 (Training)
Training is the process of finding w!, b for [ = 2,--- | L that give a "good” neural network (give a
accurate classifier)

Definition 11.1.3 (Cost Function)

A cost function is a function of the weights and biases that has a ”low” value when the neural
network gives a ”good” classification of the training data.
Typical Cost Function : Quadratic cost function
cost(w?, - w1 b = 3™ L) - )
) 9 9 ) ’ 9 2

N <
7=1

where y(27) = ey, if 27 is labelled to category k

Training is to find :

1 1 . ,
: N = 7Y — 7|12
wz7bz{l2§.‘.,L N Jz_:l 2Hy<:13 ) — F(27)]]5

Let’s define the parameter vector p € RP containing all entries of w!, ' for [ = 2,--- , L. Typically,
no line search. Instead, we find a constant step size 7, called the learning rate. eta is one of
many hyperparameters (constant chosen heuristically because they work)

Consider the Training

n

1 1 . .
min — Z 3y — F(29)||2
wl bl 1=2,... . [ N 4 2Hy($ ) (x )HQ
Jj=1
The gradient is

LS ) - PR

N2 2

where V is w.r.t. w?, b2, -, w”, b"
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Note L is relatively large, so consider the Stochastic Gradient Descent, the gradient is
1 1 ; NI
5] ZV(§!|3/($ ) — F(2)][3)
JES
where S C {1,--- ,N}

e Single-Sample (|S| = 1) or Mini-batch (|S| > 1)
e Either done with repetitions (at each iteration, choose a random S)

e Or done without repetitions : {1,---, N} is partitioned into disjoint subsets S',S2,--- and
iterations cycle through these subsets

Problem : For a given j € {1,---, N}, compute

0 1 ; - .
mj@(ﬂﬂ) — F(a?)[|3, Vi, k
0 1 . . )
87%§||y(mj) — F(2)|13, 9,4, k
(2
Let’s denote
y = y(z’)
a' = output of layer
o = output of last layer

2t = wla! =0 #weighted input of layer [

Thus,
at = o()
We define
01
6[ P 02
L= gzl

Lemma 11.3.1 (Last layer)
§F = o'(2F) - (aF — yi) # note the derivative of o

i
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Proof

0 1
= 8L2Hy—aL|!2
Hal
2|| a"[[*- aaL (Chain Rule)
8 1
L 2
ol || I12= 2 (yr —ak)?
8 2 2 k
1
Z § (yx — ax)”
k
:_(yi_ )
-
OaiL
9L = '(=F)

Together, get

Lemma 11.3.2 (Other smaller layer)
8 = o' () [(w™ ) o™ 1];

Proof

01
3= gl —al?
01

=513 2’

_Zal2 yk_ak)2

o 1 azl—i—l
= Z Py l+1 2(ykz - a2)2 . (Chain Rule)

l
0z Z
l+1 Zwlﬂ +bl+1
6Zl-+1
) +1 11
azl =W 0 (Zz)

)

Together, get

I+1 l+1 l
Z 6 TWy, O )
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Lemma 11.3.3

wrally =t =4
Proof
01 L2 01 L2 32’5 .
@5”9—0 | :?leij_a I f)bé (Chain Rule)
—_—
5
zzl» = (wl(a(zl_l))i—{—bé
!
0z _
ol
01
S0 gygly - =4
Lemma 11.3.4
go—3lly — a3 = oL - af !
Proof
0 1 L2 o 1 Lo
W?H ”2 8wsk 2(yz a; )
01 N2 aZi
21382142(% ¥ Owgy
i

k aﬁc‘l
= (S w1+ ]
k
% s Vs # i
8w8k aé{il’ S = Z

01 L2 |, 04 1 1-1
— |y — B N it
Gl B =308 gt = dlal

=o' (Z)[(wHT - s+, V=2, L -1
(3) 21|y — a2 = ¢!

(1) 8F = /(1) (aF = )
l
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l
(@) 5 4lly — ot = o} - o
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Chapter 12

Course Summary for Final

Chapter 2 : psd/pd matrices
Chapter 3 : Convexity, Strong Convexity (Chapter 7)

Chapter 4 : Constrained Optimization, show a function is coercive

Vf(x) =0,V2f(x)p.d. = x strict local min = 2 local min = V2f(z)p.s.d

Chapter 5 : Quadratic Optimization, Newton’s Method
Chapter 6 : Least Square Problem (Direct application of Chapter 5)
Chapter 7 : Descent Algorithms, Newton’s Method Convergence,
Steepest Direction(= opposite of gradient)
Chapter 8 : Trust Region Methods, Trust Region Subproblem
Chapter 9 : Constrained Optimization, KKT conditions
Chapter 10 : Constrained Optimization Algorithms, Conic Optimization, Looking for Dual
Chapter 11 : Neural Network, no proofs on final, maybe some T/F
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